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The quantum walk (QW), as the quantum analog of classical random walk, provides a feasible
platform to study the topological phenomenon and non-equilibrium dynamics. Here, we propose a
novel scheme to realize the quantum walk with a single trapped ion where the Fock states provides
the walk space and zero phonon state |n = 0〉 serves as its natural boundary. Thus, our scheme
offers the unique opportunity to investigate the dynamics of the bound states of the corresponding
topological systems. Particularly, the quench dynamics of the bound states can be extensively
studied by tuning the bulk parameters and the local boundary operator, which are experimentally
accessible. Our proposal not only offers a new approach to exploring the character of the bound
states of the topological systems, but also offers a way to determine different phases through the
dynamical processes.
I. INTRODUCTION
The topological matter has been studied extensively re-
cently on different platforms [1–13]. One of the interest-
ing features is that the topological matter is protected by
topology against local perturbations, such as the quanti-
zation of Hall conduct under impurity [1–4]. The other
unique characteristics of the topology matter are the ap-
pearance of the bound state at the boundary of the sam-
ple, for example, the open Su-Schrieffer-Heeger (SSH)
chain in the one-dimensional system [14, 15], and robust
edge state moving in one direction at the boundary of
the two-dimensional system [16–20]. The bulk topolog-
ical invariants and the number of bound states can be
connected by the bulk-edge correspondence [2, 3, 21].
Though the equilibrium properties have been widely
explored, the non-equilibrium dynamics of the topolog-
ical system are still under investigation [22–35]. The
quench process is the typical non-equilibrium process
that has been studied in different topological systems
[27, 28, 36, 37]. On one hand, the bulk topological in-
variants, such as Chern number, defined on quantum
states are known to be unchanged under unitary dynam-
ics [26, 38–40], thus unchanged during the quench pro-
cess. However, the non-unitary processes, such as the
dissipation or decoherence process, will change the bulk
topological invariants of the states during the quench pro-
cess [39–41]. Since the bulk-edge correspondence is only
valid for the equilibrium situation [40, 42–44], the dynam-
ics of the bound states at the boundary of the topologi-
cal system is still elusive. For example, Ref. [39] studies
quench between topological and non-topological phases
in Haldane model, while observing the presence or ab-
sence of edge modes. The dynamics of the bound states
have attracted a lot of attention [38].In addition, how to
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experimentally observe the dynamics of the bound state
is still an open question.
The quantum walk (QW) [45], which can be used to
construct universal quantum computation [46–48], has
been shown to be a powerful platform to study the
equilibrium and non-equilibrium topological properties of
spin-orbital coupling systems [49–63]. Particularly, it has
been used to observe the bound states [64–66]. Different
QWs have been experimentally realized in different plat-
forms, such as photonics [36, 37, 61, 64, 65, 67, 68], neu-
tral atoms [69, 70], superconductor [58, 71] and trapped
ion [72, 73].
The trapped ions system, which can be accurately con-
trolled and manipulated [74, 75], is one of the most ideal
platforms for investigating quantum information process-
ing and simulating non-equilibrium dynamics of many-
body system [76–78]. Particularly, QW has been real-
ized in one or two trapped 40Ca+ ions in the phase space
[72, 73]. Here, we propose to encode QW onto the Fock
states, which is similar to the result in Ref. [79]. The
zero phonon state |n = 0〉 acts as the natural boundary
of the QW. With carefully designed laser sequences, the
dynamics of the bound state can be experimentally inves-
tigated. We analyze the quench dynamics of the bound
state by tuning different parameters in this system.
The paper is organized as follows. In Sec. II, we briefly
introduce the background of QW. Then, in Sec. III,
we discuss how to realize the QW with a boundary in
a trapped ion. In Sec. IV, the corresponding between
boundary operators and virtual bulk system are intro-
duced. The main results are given in Sec. V: we first
simulate the formation of the bound state with a novel
scheme to verify the type of the bound state. Starting
from the built bound state (if any), we study the dynam-
ics of the bound state with quenched QW parameters and
how quench rate effect edge population. Finally in Sec.
VI, we summarize the results.
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2II. QUANTUM WALK BACKGROUND
QW is the quantum version of the classical random
walk. The internal state (denoted by |↑〉 , |↓〉) and the
position state (labeled as |n〉) of the walker in QW can
be coupled through the coin operation R(θ, n) (θ is the
control parameter and it may depend on the position
of the walker n). We focus on the split-step quantum
walk [50–54] (SSQW) and its one-step Floquet operator
U(θ1, θ2) is defined as:
U(θ1, θ2) = S+R(θ2)S−R(θ1) (1)
where S± is defined as
∑
n |n± 1〉 〈n|⊗ |↑〉 〈↑|+ I⊗|↓〉 〈↓|
and R(θk) =
∑
n |n〉 〈n| ⊗ e−iσyθk/2(k = 1, 2) (the coin
operator is independent of the position n). The quan-
tum state of the SSQW can be obtained by: |Ψ〉n =
Un(θ1, θ2)|Ψ〉0 where |Ψ〉0 is the initial state of the evo-
lution (generally, we begin the evolution of the system
with a localized product state). The effective Hamil-
tonian of this periodical system can be derived from
U(θ1, θ2) = e
−iHeff , and Heff =
∫
k
E(k) |k〉 〈k| ⊗ n(k) · σ
in momentum space. The dispersion relation and Bloch
vector are calculated as below:
cosE(k) = cos
(
θ2
2
)
cos
(
θ1
2
)
cos k − sin
(
θ1
2
)
sin
(
θ2
2
)
nx(k) =
cos (θ2/2) sin (θ1/2) sin k
sinE(k)
ny(k) =
sin (θ2/2) cos (θ1/2) + cos (θ2/2) sin (θ1/2) cos k
sinE(k)
nz(k) =− cos (θ2/2) cos (θ1/2) sin k
sinE(k)
, (2)
with σ = (σx, σy, σz) are the Pauli matrices. The phase
diagram of the QW can be determined by two different
time frames with Chiral Symmetry [53] (CS) as
U1(θ1, θ2) = R (θ1/2)S+R (θ2)S−R (θ1/2) ,
U2(θ1, θ2) = R (θ2/2)S−R(θ1)S+R (θ2/2) . (3)
And the different phases of the QW can be distinguished
by a pair of Z2 × Z2 topological invariants [53] (see Fig.
1), where
ν0 =
1
2 +
1
2 (ν
′ + ν′′),
νpi =
1
2 +
1
2 (ν
′ − ν′′), (4)
where ν0, νpi are defined as the number of the bound state
with eigenergy 0, pi in the finite-size system, respectively,
and ν′ (ν′′) is a bulk invariant which is defined as the
winding number of system in the first (second) time frame
[37](see Fig. 1). Thus, Eq. (4) clearly demonstrates the
bulk-edge correspondence in one-dimensional QW sys-
tem.
According to the bulk-edge correspondence, the bound
states will appear at the boundary of the phases with dif-
ferent topology. Particularly, the vacuum can be viewed
as a special phase and the bound state may appear at
the boundary of a semi-finite (finite) QW system.
III. EXPERIMENTAL PROPOSAL
Trapped ion systems have been proved as a power-
ful platform for quantum simulation [75]. Here, we pro-
pose a way to realize the QW with boundary by a single
171Yb+ ion in a three-dimensional harmonic trap. In
this system, the coin state of the QW is encoded in the
|F = 1,mF = 0〉 := |↑〉 and |F = 0,mF = 0〉 := |↓〉 of
2S1/2 hyperfine manifold of 171Yb+ ion with splitting
ωHpf = 2pi × 12.6 GHz; the lattice sites of the QW are
encode in the number of the phonons, where the zero
phonon state |n = 0〉 provides the natural boundary of
the QW. See Fig. 2 for experimental sketchs of the pro-
posal
To realize the QW, we need to implement two different
basic operators R(θ) and S±. The rotation operator R(θ)
of the coin in the QW is easy to realize by manipulating
the hyperfine state (|↑〉 and |↓〉) by microwave [74, 80]
or by Stimulate-Raman-Process [74, 81]. Implementing
the operator S± in the Fock states needs more work and
is a bit complicated, where the auxiliary Zeeman energy
level |F = 1,mF = 1〉 := |a〉 will be introduced to provide
a temporary shelving state.
Generally, the interaction between the internal de-
gree of freedom with energy splitting ωHpf and the
phonons with frequency ωphon can be induced by a pair of
proper selected stimulated Raman beams with frequency
ωRaman1 and ωRaman2 (where ωRaman1−ωRaman2 = ωHpf±
ωphon + δ, −(+) denote red (blue) sideband and δ is the
two-photon detuning). ΩRaman1, ΩRaman2 donates for the
Rabi frequencies which are proportional to the laser in-
tensity of the Raman beams and ∆ for single-photon de-
tuning from the upper 2P1/2 excited state. The induced
interaction can be described by the effective two-level
Jaynes-Cummings Hamiltonian [82, 83]:
HJC =
Ω
2
aσ+e
iδt + h.c. (5)
under the rotation wave approximation (RWA), where
Ω = ΩRaman1ΩRaman22∆ is the effective Rabi frequency,
a+ =
∑
n=0
√
n+ 1 |n+ 1〉 〈n| is the creation opera-
tion of phonon, σ+(σ−) is the flipping operation |↑〉 〈↓|
(|↓〉 〈↑|) of spin.
With this integration, the number of phonons can be
manipulated: the red sideband beam gives the transi-
tion of |n〉 ⊗ |↓〉 ↔ |n− 1〉 ⊗ |↑〉 with Rabi frequency
Ωn,n−1 =
√
nΩ and the blue sideband gives the transi-
tion of |n〉 ⊗ |↓〉 ↔ |n + 1〉 ⊗ |↑〉 with Rabi frequency
Ωn,n+1 =
√
n+ 1Ω, where |n〉 is the Fock state with n
phonon. The controlled hopping between the state with
different number of phonons is almost the same as the
operator S±, besides the Rabi frequency is dependent on
the number of the phonon (corresponding to the lattice
3Figure 1. Split-step quantum walk with the parameters θ1 = pi2 , θ2 = 0. a. the dispersion relationship which is independent
of the time frame. b. and c. correspond to the two time frames with CS to obtain the Z2 × Z2 topological invariants. In this
case, ν′ = 1, ν′′ = 0 thus ν0 = 1, νpi = 0 based on Eq. (4).
Figure 2. The experimental sketches. a. Energy level di-
agram of single trapped 171Yb+ ion. Perpendicular Raman
beams are used to excite axial motional mode. |↑, n〉 and |↓, n〉
represent for |n〉⊗|↑〉 and |n〉⊗|↓〉 with |F = 1,mF = 0〉 := |↑〉
and |F = 0,mF = 0〉 := |↓〉 of 2S1/2 manifold, |n〉 for Fock
state with n phonon. Auxiliary level |F = 1,mF = 1〉 := |a〉
works for temporal state shelving and it has no occupation
after the whole operations. b. Effective two-level system is
described by JC model, where |↑, n+ 1〉 and |↓, n〉 are cou-
pled.
site of the QW). The phonon number dependence intro-
duces additional complexity, as a result, to implement the
hopping operators S± homogeneously is the main obsta-
cle to realize the QW in this system.
Actually, the homogeneous hopping operator S± in-
deed can be realized by some adiabatic processes (called
Stimulated Raman Adiabatic Passage (STIRAP)) which
has already been used to cool the motional state [84–86]
and solve the inhomogeneous hopping problem [87]. Ac-
cording to the adiabatic theorem [88], when Hamiltonian
of the system changes slowly enough [85], the system will
keep on the nth eigenstate of the HamiltonianH(t) for all
the time if its initial state is the nth eigenstate of Hamil-
tonian H(0) and the nth eigenstate is isolated from the
others.
Based on the adiabatic theorem mentioned above, we
can set Ω(t) = Ω0 sin(pitτ ) and δ(t) = δ0 cos(
pit
τ ) (τ is the
total operation time) in Eq. (5) to construct the time de-
pendent Hamiltonian H(t) in the adiabatic process. The
initial state |n〉 ⊗ |↓〉 is an eigenstate of the Hamiltonian
H(0). When the parameter satisfies the adiabatic con-
dition, i.e. dθ(t)dt 
√
Ω(t)2 + δ(t)2 (tan θ(t) = Ω(t)δ(t) is
the angle on the Bloch sphere during the evolution), the
system will stay at the corresponding eigenstate of H(t).
The adiabatic process is not dependent on the number
of the phonon if the order of the eigenstates is given,
see Fig. 3b) for eigenergy with given parameters during
the whole adiabatic process. In order to speed up the
adiabatic process, further methods to suppress the non-
adiabatic excitation [87] and to reshape the waveform for
shortcut Raman passage have been proposed and realized
in the experiment [89–92].
Therefore, based on the STIRAP method, the key op-
erators R(θ) and S± for the QW can be realized with a
trapped ion and the whole QW evolution U(θ1, θ2) can
be realized by the following six steps (for convenience, we
define ∆ω = ωRaman1−ωRaman2, Zeeman splitting under
magnetic field ωZm and Ry(θ) = e−iσyθ/2):
1. Apply rotation Ry(θ1) in the spin state space
(spanned |↑〉 and |↓〉), which can be easily real-
ized by two Raman laser with ∆ω = ωHpf. The
corresponding evolution Ry(θ1) =
∑∞
n=0 |n〉 〈n| ⊗
[cos(θ1/2)(|↑〉 〈↑| + |↓〉 〈↓|) − sin(θ1/2)(|↑〉 〈↓| −
|↓〉 〈↑|) + |a〉 〈a|] is independent of the number of
the phonon and rotation angle θ1 can be controlled
4a
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Virtual Bulk
Figure 3. a. Pulse sequences to realize QW with boundary. Six steps are required to construct U(θ1, θ2) along the black arrow
direction. Step one and four are coin operations which mix the spin states; the other steps are for spin-dependent phonon
number shifting. |↓, 0〉 is blocked in step 2 for the phonon reduction, and then flips to |↑, 0〉 in step three. Thus it simulates the
spin flipping operation at the boundary. Adiabatic processes in step two and five are used to fix the problem of inhomogeneous
phonon shifting. b. Eigenergy of modulated Jaynes-Cummings model H(t) in subspace |↓, n〉 ↔ |↑, n+ 1〉 (in the unit of Ω).
Rabi frequency Ω0 equals to detuning δ0, while total transition time sets to be 10Ω . The adiabatic condition is satisfied when
the evolution is much slower than the time scale set by the energy gap, then adiabatically transform the state from |↓, n〉 to
|↑, n+ 1〉 for all n. c. Virtual bulk topological invariant is defined with boundary operation. With introducing virtual site at
n = −1 lattice, we can define the boundary "cut link" operator C−1,0 (thus virtual bulk)
precisely by pulse duration;
2. Apply STIRAP for first red sideband (spanned |a〉
and |↓〉), the frequency of the two Raman laser
are chosen as ∆ω = ωHpf + ωZm − ωPhon + δ(t)
and the evolution can be effectively written as
S− = |0〉 〈0| ⊗ |↓〉 〈↓| −
∑∞
n=1 |n− 1〉 〈n| ⊗ |a〉 〈↓|+∑∞
n=0 |n〉 〈n| ⊗ |↑〉 〈↑|. Notice |0〉 ⊗ |↓〉 can not be
driven at this step;
3. Apply Ry(pi) (spanned |↑〉 and |↓〉) as in step 1, the
evolution is:
∑∞
n=0 |n〉 〈n|⊗(|↓〉 〈↑|−|↑〉 〈↓|+|a〉 〈a|);
4. Apply Ry(θ2) in (spanned |a〉 and |↓〉) as in the
step 1 with ∆ω = ωHpf + ωZm, the evolution
is:
∑∞
n=0 |n〉 〈n| ⊗ [cos(θ2/2)(|↓〉 〈↓| + |a〉 〈a|) −
sin(θ2/2)(|↓〉 〈a| − |a〉 〈↓|) + |↑〉 〈↑|];
5. Apply STIRAP for the first red sideband (spanned
|↓〉 and |↑〉) with ∆ω = ωHpf+ωZm+ωphon+δ(t), the
effective evolution is: S+ = −
∑∞
n=0 |n+ 1〉 〈n| ⊗|↑〉 〈↓|+ |n〉 〈n| ⊗ |a〉 〈a|;
6. Apply Ry(pi) (spanned |a〉 and |↓〉) with ∆ω =
ωHpf + ωZm, the evolution is:
∑∞
n=0 |n〉 〈n| ⊗
(− |↓〉 〈a|+ |a〉 〈↓|+ |↑〉 〈↑|);
the whole process is clearly shown in Fig. 3a). To com-
plete the QW and observe the physical phenomenon, we
need to repeat the whole cycle many times. It is empha-
sized that the auxiliary state |a〉 which is introduced for
temporal shelving and is empty when the six-step cycle is
completed. It means there is no probability to detect the
ion at the state |a〉 and no information is leaked. Obvi-
ously, the zero phonon state |n = 0〉 which provides the
5boundary in the QW is special (see above step 2), we
can rewrite the evolution operators U(θ1, θ2) to distin-
guish the boundary site from the others as below (note
a minus sign appear because of |↓〉 → |↑〉 → |↓〉 gain an
additional sign):
Ux>0(θ1, θ2) = S
+
x>0e
−iθ2σy/2S−x>0e
−iθ1σy/2, (6)
where:
S+x>0 =
∞∑
n=0
|n〉 〈n| ⊗ |↓〉 〈↓| − |n+ 1〉 〈n| ⊗ |↑〉 〈↑| (7)
S−x>0 =
∞∑
n=0
|n〉 〈n| ⊗ |↑〉 〈↑| − |n〉 〈n+ 1| ⊗ |↓〉 〈↓| ;
and the boundary operator:
Ux=0(θ1) = e
iφ |0〉 〈0| ⊗ |↑〉 〈↓| e−iθ1σy/2, (8)
the parameter φ could be controlled after step 2 in our
experimental proposal: only |0〉 ⊗ |↓〉 state has non-zero
occupation among all |↓〉 states. Thus σz operation be-
tween |↓〉 and other energy levels (except |↑〉 and |a〉)
gives a relative phase for |n〉 ⊗ |↑〉 compared with other
sites. Due to the Chiral Symmetry and the Particle-Hole
Symmetry (PHS) requirement of the QW, φ can only be
0 or pi.
We further discuss how to realize two-dimensional QW
[50, 65, 71, 93, 94], which could be associated with non-
trivial Chern numbers and the more complex Floquet
band structure. Single-step with two coin operations and
two walk operations is shown below:
U = SyR(θ2)SxR(θ1), (9)
where Sx =
∑
x,y |x+ 1, y〉 〈x, y| ⊗ |↑〉 〈↑| +
|x− 1, y〉 〈x, y| ⊗ |↓〉 〈↓| and Sy =
∑
x,y |x, y + 1〉 〈x, y| ⊗
|↑〉 〈↑| + |x, y − 1〉 〈x, y| ⊗ |↓〉 〈↓|, x, y are independent
freedoms. In our proposal, two dimensions of the
particle propagation can be encoded in two different
motional modes of the ion: for example, the axis and
radial motional modes with the resolved frequency
ωz, ωr. Additional Raman beams are required to excite
the motional modes. Of course, this 2D model has two
reflecting boundaries for x, y ≥ 0. Higher-dimensional
QW is also possible with more resolved motional modes
involved.
With this setup, we can investigate the dynamics of
the bound state in the topological system.
IV. BOUNDARY AND VIRTUAL BULK PHASE
Based on the bulk-edge correspondence theory, some
bound states will appear at the interface of two topologi-
cally different bulk phases. Particularly, the bound state
may appear at the boundary of a finite or semi-infinite
topological system, which can be viewed as the interface
of the real bulk topological phase and some virtual bulk
phase. Interestingly, the virtual bulk phase is only depen-
dent on the local operator of the boundary. To clearly
establish the relations among the bound states, the bulk
topological invariants, and the boundary condition, we
need to define the correspondence between the virtual
bulk phases and the local boundary operators.
To establish the correspondence, we map our semi-
infinite model to the "cut link" model suggested in [53].
In the "cut link" model, the shift operators of the "uncut
link" (Sn,n+1) and "cut link" operation (Cn,n+1) between
the site n and n+ 1 is introduced as:
Sn,n+1 = |n〉 〈n+ 1| ⊗ |↓〉 〈↓|+ |n+ 1〉 〈n| ⊗ |↑〉 〈↑|
Cn,n+1 = |n+ 1〉 〈n+ 1| ⊗ |↑〉 〈↓| − |n〉 〈n| ⊗ |↓〉 〈↑| ,
(10)
the standard SSQW in Eq. (1) (−∞ ≤ n ≤ ∞) could be
decomposed with these new operators as
U(θ1, θ2) =
∑
(cos(
θ2
2
)Sn,n+1 + sin(
θ2
2
)Cn,n+1)R(θ1)
(11)
Particularly, in the semi-infinite system, the lattice
space stops at n = 0 site, however, for convenience, we
can still introduce an additional virtual site n = −1 as
shown in Fig. 3c). The "cut link" operator C0,−1 which
serves as the boundary condition and does not affect the
evolution of our system. In the following we can see that
the operator C0,−1, which can be experimentally con-
trolled, plays the key role in the emergence of the bound
state.
Similar to Eq. (11) in the standard SSQW model, we
can rewrite Eq. (7) and (8) in the semi-infinite model of
our proposal with "uncut link" and "cut link" operators.
Take φ = 0 as an example:
Ub(x>0)(θ1, θ2) = −
∑
n=0
(cos(
θ2
2
)Sn,n+1 + sin(
θ2
2
)Cn,n+1)R(θ1)
Ux=0(θ1) = C0,−1R(θ1), (12)
obviously, Ux=0(θ1) is directly connected by the opera-
tion C0,−1.
Comparing the bulk operator Ub(θ1, θ2) and the
boundary operator Ux=0(θ1), we can find that Ub(θ1, θ2 =
−pi) = Ux=0(θ1). As a result, the boundary (n = 0)
can be viewed as the interface of two bulks: one is the
real bulk system with bulk operator Ub(θ1, θ2), and the
other is the virtual bulk system with the bulk operator
Ub(θ1,−pi).
With the corresponding of the boundary operator and
the virtual bulk operator, we can obtain the phase dia-
gram of the virtual bulk system. The parameter θ2 has
only two values, −pi (corresponding to φ = 0 in bound-
ary operator Ux=0) and pi (corresponding to φ = pi in
boundary operator Ux=0), due to the CS requirement.
Consequently, the phase diagram of the virtual bulk sys-
tem include two lines in Fig. 4a).
6If and only if the virtual bulk system and the real bulk
system have different topology, the bound states can ap-
pear. To clearly verify the statement, we prepare the QW
system onto the state |0〉 ⊗ |↓〉 and take φ = 0 as an ex-
ample. The semi-finite system are subsequently evolved
under unitary operator U(θ1, θ2). We first consider the
special case with θ1 = pi/2, θ2 = −pi (red star in phase
(0, 1) in Fig. 4a), where the system is evolved as:
|0〉 ⊗ |↓〉 1→ − 1√
2
(|0〉 ⊗ |↑〉+ |1〉 ⊗ |↓〉) 2→ −|0〉 ⊗ |↓〉 .
(13)
It is clear, after two steps the particle returns to its initial
state with an additional minus sign which indicate that
bound state is the eigenstate with eigenvalue E = pi/2
[51, 52] ( the pink star in the phase (1, 0) and orange
square in the phase (0, 0)). While for the parameter θ1 =
pi/2, θ2 = pi (yellow square in the phase (1, 1)), similar
analyses conclude that the other bound state (eigenstate)
with E = 0, pi exist, i.e.
|0〉 ⊗ |↓〉 1→ |0〉 ⊗ 1√
2
(|↑〉+ |↓〉) 2→ |0〉 ⊗ |↓〉 . (14)
For more general cases, we use the localization prob-
ability at the boundary: Pedge = p0 + p1, where p0, p1
are the probability at n = 0, 1 site respectively [56], as
the indicator of the emergence of the bound state. When
bound states appear, the probability Pedge will be stable
with a nonzero value along the evolution steps, and the
stable on-site probability Pn =N 〈Ψ|n|Ψ〉N (N → ∞)
will exponentially decay along with n for the left finite
sites, which means the Pn ∝ e−n/λ and λ is the localiza-
tion length.
The localization probability Pedge after 100 steps verse
different parameters is shown in Fig. 4b). In the left of
Fig. 4b), the parameter θ2 of the virtual bulk system
is chosen as θ2 = −pi (set the control parameter φ = 0
in our experimental proposal), the parameter θ2 in the
real bulk system is fixed to pi/2, and the parameter θ1 is
the same in the virtual and the real bulk system. The
results are shown as cyan curve of Fig. 4b). We scan the
parameter θ1 in one period. We study in the time frame
R(θ1/2)S+R(θ2)S−R(θ1/2) which preserves CS. In this
case, the topology of the real bulk system and the virtual
bulk system are always different and, subsequently, the
bound state always exists. We also fixed θ1 = pi/2 (in
the real and the virtual bulk system) and scan θ2 in the
real bulk system (θ2 = −pi in the virtual bulk system),
the results are shown as the blue curve of Fig. 4b), from
which we can see that there are no bound states at the
region θ2 ∈ [−3pi/2,−pi/2] for the topology of the real
and the virtual bulk system are the same. The similar
results when we fix the parameter θ2 in the virtual bulk
system to pi are shown in the right of Fig. 4 (set the
control parameter φ = pi in our experimental proposal).
All the calculations are consistent with our observa-
tion: the bound states appear if and only if the topology
of the virtual bulk is different from the real bulk system.
Figure 4. The phase diagram of SSQW with boundary and
simulated localization probability at the boundary under dif-
ferent parameters. a. Phase diagram of φ = 0, pi (left and
right diagrams). The virtual bulk phase (0, 0) is defined by
"cut link" operation C−1,0, which corresponds to the region:
θ2 = −pi (pi) for φ = 0 (pi) as shown by the black solid line.
In the phase diagram, the dashed green lines mean gap close
at E = 0 and the solid red lines mean gap close at E = pi.
The whole diagram is divided into four different phases. b.
simulation results after 100 steps with φ = 0, pi (left and right
diagrams). The initial state is prepared as |0〉 ⊗ |↓〉. The ap-
pearance of bound states is represented by Pedge. The cyan
and blue curves correspond to scan over fixed θ1 = pi/2 and
θ2 = pi/2. Sharp boundary between different regions could be
observed for the number of E = 0, pi bound states changing.
V. DYNAMICS OF BOUND STATE
In the previous section, we have verified the existence
of bound states when the topology of the virtual bulk
system and the real bulk system are different. In this
section, we will study the dynamics of the bound states.
The dynamics of the bound states include two different
situations: one is the dynamics of the formation of the
bound states from a local initial state during the evolu-
tion; the other is the dynamics of the bound states after
the quench of QW (include quenching parameters of the
virtual and the real bulk system). Notice, during the
quench process which is unitary, the bulk topological in-
variant [38, 39], such as, Winding number [41], Chern
number [26, 38–40] of the quantum state is unchanged.
However, we can see that the number of bound states can
be changed during the quench.
Unlike investigating the quenches in [37], in which the
system is prepared as the ground state of Hamiltonian
7Figure 5. Existence of bound state in different regions.
We study points in different topology: blue: (pi/2, 0), cyan:
(pi/2,−2pi/3), green: (pi/2, 2pi/3) for the rotation angle in the
real bulk system while the fixed the virtual bulk system as
θ2 = −pi. The particle is prepared as |0〉⊗ |↓〉. a. Edge popu-
lation Pedge verse steps, we can observe that Pedge decays to
near zero after about 10 steps when the real bulk system in
the trivial phase. We further monitor Pedge verse steps and
phonon numbers with real bulk system in b. (0, 1), c. (0, 0),
d. (1, 1), which select the same parameters as in a. The clear
bound states are found at the boundary when the real bulk
systems are in the non-trivial phase as expected.
H0, here, the state before quench is the steady-state of
a given U(θ1, θ2) (with or without boundary state). Ac-
tually, in the semi-infinite system, we only focus on the
left finite Fork states. The existence of the steady-state
is justified by the probability P (x < N0) (N0 is a given
number), particularly Pedge = p0 + p1. We focus on the
time frame R(θ1/2)S+R(θ2)S−R(θ1/2) which preserves
CS. When studying the quench of the real bulk system
parameters, we control the parameter φ = 0 while chang-
ing the rotation angles θ1, θ2 in the experiment. The ini-
tial state is always prepared as |0〉 ⊗ |↓〉.
Here, based on our experimental proposal, we care-
fully investigated the dynamics of the bound states at
the boundary of the semi-infinite QW system. The in-
vestigation gives more information about the bulk-edge
correspondence in non-equilibrium process.
A. Formation of the bound state in the
semi-infinite QW
We first study the building up of the bound state when
the initial state is prepared as |0〉 ⊗ |↓〉. We study the
dynamics of the system: with the fixed parameter θ2 =
−pi (φ = 0) in the virtual bulk system, and the selected
rotation angle (θ1, θ2) as (pi/2, 0) (in the phase (1, 0)),
Steps
Figure 6. The simulation result of the phonon state distribu-
tion after a certain steps, with θ1 = pi/2, θ2 = 0 and φ = 0. A
single E = 0 bound state appears as prediction for real bulk
system in the phase (1, 0) has the different topology from the
virtual bulk system. a. and b. the result after 30 and 50
steps respectively. The histogram shows the phonon distri-
bution and the orange line is the analytical solution of the
eigenstate. c. the mean and variance of QW verse steps. The
feature of quadratic increment of the deviation and linear in-
crement of the mean are the patterns of acceleration of the
classical random walk.
(pi/2,−2pi/3) (in the phase (0, 0)) and (pi/2, 2pi/3) (in the
phase (1, 1) phase) for the real bulk system. To observe
the establishment of the bound states, we monitor the
evolution of the phonon state population of the walker in
our experimental setup. In Fig. 5a), the edge population
Pedge is depicted, it is clear that when the topology of the
real bulk system (θ1 = pi/2, θ2 = −2pi/3) and the virtual
bulk system (θ1 = pi/2, θ2 = −pi) are in the same phase
(0, 0), the population will soon decay to zero (about 10
steps in our setup). When there exists a 0 energy (or pi
energy) bound state between the virtual and the real bulk
system (as the parameter (pi/2, 0) shown in Fig. 5a)),
the population will decay and stabilize to about 0.5 in
current situation. However, when there exist two bound
states (0-energy and pi-energy) at the boundary, the edge
population will also decay and stabilize to a nonzero value
which is bigger than the situation where only one edge
mode exists (see in Fig. 5a)).
We further fit the stable value of the population dis-
tribution of the phonon state in Fig. 6, and it can be
well described by the exponential decay. The topology of
the real bulk system (θ1 = pi/2, θ2 = 0, blue curve in Fig.
8a
b
Figure 7. Verify phases with the spin state of the quantum
state |ψ〉N . The particle is prepared as |0〉 ⊗ |↓〉 and evolve
after 100 steps. a. the spin state space evolution for the
system with single bound state (E = 0, pi) and n = 0, 1 sites.
Red (blue) lines correspond to a single 0 (pi)-energy bound
state. Average value of σx stabilizes to 1 (-1). b. the spin
state space evolution for the (1, 1) system as the superposition
of 0 and pi-energy bound state. Average value of σx stabilizes
to a value between 1 and -1 as expected, which are different
for n = 0, 1 site.
5a)) in the phase (1, 0) are different from the virtual bulk
system (θ1 = pi/2, θ2 = −pi). In this condition, we solved
the eigenstate of evolution operator [51] and analytically
find the localization length as λ = 1/ log(
√
2 − 1). The
simulation results are given in Fig. 6a), b) for the evolu-
tion after 30 and 50 steps. The orange curve for the plot
of the exponential decay with the localization length λ
mentioned above. We find that the fitting is pretty good.
Particularly, p1/p0 and p2/p1 are exactly equal to e−2/λ
during the evolution. We notice that the right moving
bulk state contributes to the increase of mean and varia-
tion of the phonon distribution after each steps as in Fig.
6c).
Here, we would like to discuss how to experimentally
verify different bound states appearing in the previous
situations. Without loss of generality, we take φ = 0 in
our simulation and suppose the bound state |ψb〉 is the
eigenstate of evolution operator Ux≥0, i.e.
Ux≥0 |ψ〉 = e−iE |ψ〉 , (15)
with eigenergy E. Generally, the quantum state of
the system after N steps can be written as |ψ〉N =∑
n(an(N) |↑〉+bn(N) |↓〉)⊗|n〉 where all of an(N), bn(N)
are real due to PHS. When the bound state is built
(it is stable), that is, |ψ〉N = |ψ〉N+1 for E = 0 while|ψ〉N = − |ψ〉N+1 for E = pi, where |ψ〉N is the wavefunc-
tion after N steps (N is large enough). We only focus on
the evolution of the parameters a0 and b0 located on the
boundary, i.e.
U(θ1, θ2)
(
a0(N)
b0(N)
)
→ R ( θ12 )( sin ( θ12 ) a0(N) + cos ( θ12 ) b0(N)sin ( θ22 ) (cos ( θ12 ) a0(N)− sin ( θ12 ) b0(N))− cos ( θ22 ) (sin ( θ12 ) a1(N) + cos ( θ12 ) b1(N))
)
=
(
a0(N + 1)
b0(N + 1)
)
.
(16)
With the stable condition: a0(N) = a0(N + 1) and
b0(N) = b0(N + 1), we can obtain:{
a0 = b0 E = 0,
a0 = −b0 E = pi. (17)
which is independent on the parameters θ1 and θ2 (how-
ever, the existence, the type of the bound states and the
localization length are dependent on the parameters). As
a result, when the bound state is the 0-energy (pi-energy)
type, the spin state of the walker at the boundary is
|+〉 = 1√
2
(|↑〉 + |↓〉) (|−〉 = 1√
2
(|↑〉 − |↓〉)) or 〈σx〉 = 1
(〈σx〉 = −1). Consequently, the 0- and pi-energy bound
states are orthogonal and can be directly verified by mea-
suring the operator σx.
In Fig. 7, we simulate the evolution of the spin state
(at n = 0, 1 site) in the different real bulk systems with
the stable bound state. In Fig. 7a), the rotation an-
gles of the real bulk system (pi/2, pi/4) (in the phase
(1, 0)) and (−pi/2, pi/4) (in the phase (0, 1)) have dif-
ferent topology from the virtual bulk system ((pi/2,−pi)
and (−pi/2,−pi)). Red (blue) line for 0 (pi)-energy bound
state stabilize to |+〉 (|−〉). While for (pi/4, 3pi/8) (in
the phase (1, 1)), we find instead of stabilize to a fixed
state, the spin state oscillates between two spin states
(a |+〉+b |−〉 and a |+〉−b |−〉 for the two adjacent steps),
which corresponds to a fixed 〈σx〉 between -1 and 1 as in
Fig. 7b).
In conclusion, we can easily verify the existence of the
bound states by the edge population of the Fock states
and further determined the type of the bound states by
the average value of σx in the spin state space: 〈σx〉 = 1
for 0-energy bound state; 〈σx〉 = −1 for pi-energy bound
9Figure 8. Quench dynamics starts from (1, 0) phase. The
particle is prepared as |0〉 ⊗ |↓〉. After first N0 = 20 steps for
building the bound state then the real bulk system suddenly
quench to another phase. a. the parameters we study before
and after the quench for the real bulk system. b. c. d. e. edge
population Pedge verse evolution steps with the final real bulk
system in the phases (1, 0), (1, 1), (0, 1), (0, 0) respectively.
We notice that in all these cases, only the parameters after the
quench in the phases (1, 1) and (1, 0) have none-zero bound
state preserved. f. the spin state dynamics at n = 0 site with
parameters in c.: first a single 0-energy bound state with
〈σx〉 = 1 is built at N0 = 20 step, then oscillate and final
still stabilize to 〈σx〉 = 1. g. expectation value 〈σx〉 and edge
population Pedge verse θf1 ∈ [−pi/4, pi/4] and fixed θf2 = pi/4,
which ensure the system in the phase (1, 1) after the quench.
state; −1 < 〈σx〉 < 1 for the superposition of 0-energy
and pi-energy bound state. The 0- and pi-energy bound
state are product state |φs〉⊗|φp〉 where |φs〉 is the quan-
tum state in the spin state space and |φp〉 is the quantum
state with exponential decay population distribution in
the position space.
Figure 9. Quench dynamics starts from (1, 1) phase. The
particle is prepared as |0〉 ⊗ |↓〉. After first N0 = 20 steps for
building the bound state then the real bulk system suddenly
quench to another phase. a. the parameters we study before
and after the quench for the real bulk system. b. c. d. e. edge
population Pedge verse evolution steps with the final real bulk
system in the phases (1, 1), (0, 0), (1, 0), (0, 1) respectively.
The bound can be preserved except the system in the phase
(0, 0) after the quench. e(f). the spin state dynamics at n = 0
site with the parameters after the quench in c(d). The spin
state stabilize to |+〉 (|−〉) which shows a single 0 (pi)-energy
bound state.
B. Dynamics of bound states in quenches of QW
Now we turn to study the dynamics of the bound
state in the quench processes. We study the sudden
quench of rotation angles in the experiment and thus
the real bulk system. The control parameter are set
as φ = 0. Initially, the real bulk system is chosen as
(θi1, θ
i
2), at the same time, the parameters of the virtual
bulk system are (θi1,−pi). As mentioned before, if the
real and the virtual bulk systems have different topol-
ogy, the bound states will appear. After establishing the
bound state by N0-step evolution from the initial state
|0〉 ⊗ |↓〉, the rotation angles in the experiment changes
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Figure 10. Quench dynamics starts from (0, 0) phase. The
particle is prepared as |0〉⊗ |↓〉. After the first N0 = 20 steps,
the real bulk system suddenly quench to another phase. a.
the parameters we study before and after the quench for the
real bulk system. b. c. d. e. edge population Pedge verse
evolution steps with the final real bulk system in the phases
(1, 1), (0, 0), (1, 0), (0, 1) respectively. We notice no bound
state can be built when the system in the phase (0, 0) before
the quench .
at N + 1 step, which means the real bulk system sud-
den quench to (θf1 , θ
f
2 ) (the parameter of the virtual bulk
system quenches to (θf1 ,−pi) simultaneously). Then the
whole system evolved with these new parameters. Ob-
viously, whether existence of the new bound states is
strongly dependent on the parameters θf1 and θ
f
2 . Here,
we only focus on the dynamics of the bound states by
monitoring its edge population Pedge still with left finite
Fock states and the expectation value 〈σx〉 with the zero
phonon state |n = 0〉.
Firstly, the initial rotation parameters of the real bulk
system is (3pi/4, pi/4) (in phase (1, 0)) and the virtual
bulk system is (3pi/4,−pi) (in phase (0, 0)) as shown in
Fig. 8a). Because the real and the virtual bulk system
have different topology, after evolving N0 = 20 steps, a 0-
energy bound state appears and becomes stable. Then,
we change the rotation angles at 21 step thus sudden
quench the real bulk system to different phases and main-
tain the virtual bulk system in the phase (0, 0). In Fig.
8b), the real bulk system quenches to (pi/2, pi/4) which is
still in the phase (1, 0) (there is a 0-energy bound state
exist in the corresponding static system) and the virtual
Figure 11. Quench dynamics of the the virtual bulk system.
The particle is prepared as |0〉 ⊗ |↓〉. a. diagram of quench
the virtual bulk system. The system first evolve under the
control parameter φ = 0 for N0 = 20 steps, then suddenly
quench φ to pi thus quench the virtual bulk system. b. c.
d. e. edge population Pedge verse evolution steps system
before the quench in the phase (1, 0), (0, 1), (1, 1), (0, 0) and
the system after the quench in the phase (0, 1), (1, 0), (0, 0),
(1, 1) respectively. We notice in a. and b. bound states are
preserved, and further study spin state dynamics under these
two condition in e. and f.
bulk system to (pi/2,−pi). As a result, the bound state
will be preserved without oscillation and decay. In Fig.
8c), the real bulk system quenches to (pi/8, pi/4) which is
in phase (1, 1) and the virtual bulk system to (pi/8,−pi).
We can see in Fig. 8b) that the edge population Pedge
will oscillate and decay first and stabilize to a new value
in the end, which indicates the survival of the 0-energy
bound state.
To make it clear, we further monitor the spin dynamics
of zero phonon state to determine the type of the bound
state (0-energy or pi-energy). As in Fig. 8f), after the
stabilization of the edge population, 〈σx〉 = 1 (0-energy
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Figure 12. Recovering of the bound state when quench
between (1, 0) and (0, 1) with the same parameters in Fig.
8d). a. edge population Pedge verse evolution steps with and
without σz operation at the end of step N0, which transfer |+〉
to |−〉, thus help recover the bound state. b. the spin state
dynamics with the additional σz operation. We can observe
how a pi-energy bound state is built starting from a 0-energy
bound state.
bound state), i. e. the spin state of the bound state tends
to be |+〉 indicates the bound state is 0-energy. After
the real bulk system quenches to the phase (1, 1), the
expectation value, 〈σx〉 is still equal to 1 which indicates
that the bound state is 0-energy. Fig. 8g) shows 〈σx〉 (red
curve) and Pedge (blue curve) verse parameters (θ1, pi/4)
after quench. Here θ1 ∈ [−pi/4, pi/4] to ensure the real
bulk system after quench in the phase (1, 1).
In Fig. 8d), the real bulk system quenches to
(−3pi/4, pi/4) which is in the phase (0, 1) and the vir-
tual bulk system in the phase (−3pi/4,−pi). A single
pi-energy bound state will exist with the parameters af-
ter the quench. While in Fig. 8e), the real bulk system
quenches to (0, pi/4) which is in the phase (0, 0) and the
virtual bulk system in the phase (0,−pi). In these two
conditions mentioned above, we see that the edge popu-
lation Pedge will oscillate and finally decay to zero.
Secondly, we study the quench process starting from
the establishment of the bound state with the real bulk
system (−pi/8, pi/4) (in the phase (1, 1)) and the virtual
bulk system (−pi/8,−pi). Both the 0-energy and pi-energy
bound state can exist before quench. The superposition
of the 0-energy and pi-energy bound state can be verified
by 〈σx〉 6= 1 in Fig. 9e) and f). Then, the real bulk system
quech to the different phase while the virtual bulk system
still in the phase (0, 0). In Fig. 9a), the parameter of the
real bulk system quench to (pi/8, pi/4) (also in the phase
(1, 1)) and the virtual bulk system in (pi/8,−pi). The
bound state will be preserved after the quench dynamics
and the population Pedge almost the same.
In Fig. 9b), the parameter of the real bulk system
quenches to (−pi/8,−pi/4) which is in the phase (0, 0)
and the virtual bulk system in the phase (−pi/8,−pi).
Generally, there is no bound state in the quenched static
system since the real and the virtual bulk system have
the same topology. We can see that the bound state will
quickly decay and disappear (the edge population soon
decay to zero). In Fig. 9c) (d)), the real bulk system
quenched to (−pi/2, pi/4) (in phase (0, 1)) ((pi/2, pi/4) (in
phase (1, 0))) and the virtual bulk system in the phase
(−pi/2,−pi) ((pi/2,−pi)). We can see the the survival of
the bound state for the above conditions.
To see the detail of the survived bound states, we mon-
itor their spin dynamics (see Fig. 9e) (f))). We find that
the expection value 〈σx〉 will approach 1 (-1) in Fig. 9e)
(f)) which indicates that only 0-energy (pi-energy) bound
state survives and the other bound state decays in this
situation.
Thirdly, we study the initial the real bulk system in
phase (0, 0) with (0,−pi/4) and the virtual bulk system
is also in phase (0, 0) with (0,−pi). There is no bound
state in this system, and the edge population will ap-
proach to 0 after evolving the system N0 = 20 steps. The
real bulk system quenches to the different phase and the
virtual bulk system keep in phase (0, 0): in Fig. 10a),
the real bulk system quenches to phase (0, 0) with pa-
rameter (0,−pi/8). In Fig. 10b), the real bulk system
quenches to phase (1, 0) with parameter (pi/2,−pi/4); in
Fig. 10c), the real bulk system quench phase (0, 1) with
parameter (−pi/2,−pi/4); in Fig. 10d), the real bulk sys-
tem quench phase (1, 1) with parameter (0, pi/4) (in the
phase (1, 1)). For all the cases above, the bound state
can be established.
Finally, we consider the quench of the virtual bulk
system and keep the real bulk system parameters un-
changed. As mentioned before, when the real bulk system
is fixed by (θ1, θ2), the virtual bulk system also can be
controlled (tuned by the parameter φ). As shown in Fig.
11a), the parameter φ in the virtual bulk system before
quench is set to 0. The system supports the non-trivial
bound state if the real bulk system (θ1, θ2) has the dif-
ferent topology from the virtual bulk system. After the
stabilization of the edge population (with enough evolu-
tion steps, N0 = 20 in our simulation), the parameter φ
of the virtual bulk system suddenly quenches to pi. Then
the system evolve with the parameter after the quench.
We notice that with fixed (θ1, θ2), and quench control
parameter φ from 0 to pi, the original (1, 0) ((0, 1)) phase
turns to (0, 1) ((1, 0)) phase, the original (1, 1) ((0, 0))
phase turns to (0, 0) ((1, 1)) phase.
In Fig. 11b) ((c), the real bulk system is chosen in
phase (1, 0) with parameter (3pi/4, pi/4) (in the phase
(0, 1) with parameter (−3pi/4, pi/4)), and the virtual bulk
system is initially in phase (0, 0). There is a 0-energy
(pi-energy) bound state located between these two bulk
systems. After the quench, the real bulk system is in
the phase (0, 1) ((1, 0)), and the quenched virtual bulk
system in (3pi/4, 0) ((−3pi/4, 0)). The quenched real and
virtual bulk systems still have different topology. The
edge population Pedge further evolve to the stable value.
Similarly, we monitor their spin dynamics in Fig. 11e)
(f)) to see the detail of the survived bound states in Fig.
11a) (b)). We find that the the 〈σx〉 keep 1 (-1) in Fig.
9e) (f)) unchanged. That’s because the single 0-energy
(pi-energy) bound state under φ = 0 before quench be-
comes pi-energy (0-energy) bound state under φ = pi after
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quench, which can be survived in the system all the time.
In Fig. 11d) the real bulk system is in the phase (1, 1)
with parameters (−pi/8, pi/4) and the virtual bulk sys-
tem is also initially in the phase (0, 0) with parameters
(−pi/8,−pi). 0 and pi-energy bound state will be stable
at the boundary. The virtual bulk system will quench to
the original phase (1, 1) with parameter (−pi/8, 0). The
quenched virtual and the real bulk systems have the same
topology and there is no bound state. Therefore, the
bound state is quickly decaying and disappear. In Fig.
11e) the real bulk system is in the phase (0, 0) with pa-
rameter (0, pi/4)), and the virtual bulk system is also in
the phase (0, 0) with parameters (0,−pi)). They have the
same topology and there is no bound state stable at the
boundary. Similarly, the virtual bulk system will quench
to the original phase (1, 1) and has the different topology
from the real bulk system, however, the bound state can
not be established in this situation.
With the previous simulation results, we can found
that only both of the systems, before and after the
quench, support the same type of the bound states, the
bound state can exist after the quenching.
In addition, we found that the 0-energy and pi-energy
bound states have similar Fock states distribution, how-
ever, they have a different spin states when they are lo-
cated at the boundary. Consequently, we can transfer
the bound state with a very simple operator: implement-
ing σz on site 0. As shown in Fig. 12a) the blue curve
with the σz operation has a non-vanishing edge popula-
tion Pedge comparing with the purple curve. The spin
dynamics in Fig. 12b) further enhance our argument:
first, the spin state of the bound state tend to be |+〉
indicates the 0-energy bound state is built, then with σz
operation swap 〈σx〉 to -1 (thus |−〉). Then the bound
state can further evolve and becomes stable in the phase
(0, 1).
C. Edge population with different quench rates
We further investigate the relation between the value of
Pedge and the quench rate. To clearly describe the effect
of the quench rate, the initial parameters θi quenches to
the final parameter θf byNq step and the time-dependent
parameter θi has the form:
θ(t) =

θi t < N0
θi + θ
f−θi
Nq
(t−N0) N0 ≤ t ≤ N0 +Nq
θf t > N0 +Nq
, (18)
the first N0 steps used to build the bound state (if any)
between the real bulk system with parameter (θi1, θi2) and
the virtual bulk system with parameter (θi1,−pi). Then,
Nq steps used to quench the real bulk system and the
quench speed v = θ
f−θi
Nq
, obviously, the larger Nq is, the
slower the quench dynamics happen. Finally, additional
steps (after N0 + Nq steps) are used to build the bound
Figure 13. Quench dynamics starts from (1, 0) phase with
different quench steps Nq. The particle is prepared as |0〉⊗|↓〉.
a. the parameters we study before and after the quench for
the real bulk system (same as in Fig. 8c)). Inside: the energy
dispersion spectrum in momentum space, red solid line for
E = 0 bound state and green dashed line for E = pi bound
state. The quasi-energy gap ∆pi at E = pi set the quench
steps scale jumping to the pi-energy bound state. b. edge
population Pedge verse evolution steps with different Nq. c.
stable state edge population Pedge after the quench. Blue
points for the numerical calculation while the blue dashed
line fitting the result with the Landau-Zener formula, which
has the form e−βNq in our condition. β is fitted to be 1.3.
state (if any) between the real bulk system with param-
eter (θf1 , θ
f
2 ) and the virtual bulk system with parameter
(θf1 ,−pi). In this case, we only investigate the relation
between Pedge and the quench rate. All the proposals
mentioned above can be realized precisely in the experi-
ment by changing the rotation angles during each cycle.
In Fig. 13, we study the quench dynamics with dif-
ferent quench steps Nq. All of the quenches are, from
the real bulk system in phase (1, 0) with parameter
(pi/8, pi/4) to phase (1, 1) with parameter (3pi/4, pi/4),
and the virtual bulk system are in the phase (0, 0). We
thus have quench speed vq = 5pi8Nq . In the initial sys-
tem, a single 0-energy bound state can be stable after
N0 = 20 steps since the topology of the real and the
virtual bulk system is different. In Fig. 13b), we study
edge population verse evolution steps. Blue curves are
for sudden quench (Nq = 1), cyan curves are for Nq = 4,
green curves are for Nq = 6, red curves for Nq = 8 and
purple curves are for Nq = 10. We can see the popu-
lation Pedge is bigger when the quench is slower. When
the quench is slow enough, Pedge is almost the same as
the Pedge before the quench which indicates there is no
transport happen. However, when the quench is quick,
the population decays. This phenomena can be well un-
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derstand by the Landau Process [95]. The bound state
is isolated from the transport mode with a gap as shown
in Fig. 11a) inside, if the quench is fast, the isolated
bound state has some probability to jump to the trans-
port mode; however, if the quench is slow enough, the
process is almost adiabatic, and the bound mode can not
jump to the transport modes. To further understand this
process, we fit the population Pedge V.S.Nq, which can be
well described by the Landau process as e−α∆
2
pi/vq (thus
e−βN ) in Fig. 13a) inside. Intuitively, when the vq < ∆pi,
there will be a limiting possibility of jumping to the pi-
energy bound state. vq = 5pi8Nq = ∆pi gives Nq ≈ 10 coin
with Fig. 13c): with Nq > 10, Pedge is almost the same
as the Pedge before the quench.
VI. CONCLUSION
In this paper, we have proposed a proposal to realize
QW in the Fock states with carefully designed laser se-
quence in a trapped ion. In this proposal, the properties
and the dynamics of the bound states can be experimen-
tally observed with the natural boundary. Particularly,
the quench dynamics of the bound states with energy 0
or pi can be monitored by the population of the phonon
states and the expectation value of the operator 〈σx〉 of
the selected internal level of the ion. Different quench
dynamics have been comprehensively discussed, with the
development of the manipulation of the phonons [42] in
a trapped ion, all the required techniques are available
and it can be realized currently.
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